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Sudoku

• Problem: fill in the blank squares such that 
• the cells in each row and column have distinct 

digits {1, 2, … , 9}

• Given
• A variable 𝑠𝑖 for each open square

• Compute a digit assignment 𝜎 such that
• All assignments in each row are different

• All assignments in each column are different

• All assignments in each region are different
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Formulate as a search problem

• States
• Actions 
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N-Queens

• Variables? 

• Constraints?
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Map Coloring

• Problem: color this map such that 

• adjacent regions have different colors

• Colors: red, green, blue

• Can formulate as:

• Regions 𝑊𝐴, 𝑁𝑇, 𝑄, 𝑁𝑆𝑊, 𝑆𝐴, 𝑇

• Possible colors: 𝑟𝑒𝑑, 𝑔𝑟𝑒𝑒𝑛, 𝑏𝑙𝑢𝑒

• Compute:

• A color mapping  𝜎: 𝑅𝑒𝑔𝑖𝑜𝑛 → 𝐶𝑜𝑙𝑜𝑟 such that

• For all adjacent  𝑟1, 𝑟2,  𝜎 𝑟1 ≠ 𝜎 𝑟2



Did You Know?

• 3 colors are not sufficient to color all 
possible maps 

• Counterexample…

• Would 4 colors suffice? (1852)

• 5 colors suffice to color any planar (flat) 
map [Heawood, 1890]



Did You Know?

• The 4 color question remained a mystery 
for more than 100 years, until…

• Computer assisted proof [Appel, Haken 1976]



An Early AI Success Story

• But doubts remained!
• The proof was 400 pages long

• Philosophical issues were raised

Thomas Tymoczko



An Early AI Success Story

• But doubts remained!
• The proof was 400 pages long

• Philosophical issues were raised If a Theorem is proved by a computer 
and no one sees it, is it a theorem?

“No mathematician has seen a proof of 
the 4CT, nor has any seen a proof that it 
has a proof. Moreover, it is very unlikely 
that any mathematician will ever see a 
proof of the 4CT.”



An Early AI Success Story

• But doubts remained!
• The proof was 400 pages long

• Philosophical issues were raised If a Theorem is proved by a computer 
and no one sees it, is it a theorem?

“No mathematician has seen a proof of 
the 4CT, nor has any seen a proof that it 
has a proof. Moreover, it is very unlikely 
that any mathematician will ever see a 
proof of the 4CT.”

“…it may indeed be necessary to 
introduce a new mathematical entity 
intermediate between a conjecture and 
a theorem.”



An Early AI Success Story

• But doubts remained!
• The proof was 400 pages long

• Philosophical issues were raised

• 1996: 𝑂 𝑛2  algorithm for 4-coloring 
maps!
• Proof is computer assisted (but less 

exhaustive checking: 633 vs 1,476 graphs)

• 2005: Complete proof using general 
purpose theorem prover (Gonthier)
• Yay, AI theorem proving!

“…we were pleasantly surprised to uncover new 
and rather elegant nuggets of mathematics in the 
process. “



Can such problems be solved 
automatically?



What’s Common?

• Problem states are defined using
•  variables 𝑋𝑖 with values from domains 𝐷𝑖 

• Goal test is a set of constraints on variable 
values

• Constraint satisfaction problem:
• Find an assignment to variable satisfying the 

constraints

• This captures a range of applications, including 
• Task allocation to heterogeneous robots, 

• Taxi services

• Hubble telescope scheduling, Time tables…

• It seems to be a special case of a search 
problem!



CSPs as a Special Case of Search

• What’s different?

• There’s a lot of “structure”

• States are rich entities (not black-box data 
structures): variables, domains

• Constraints may involve subsets of variables

• Tasmania

• Can we exploit this structure?



Constraint Graph

• Vertices: variables

• Edges between any pair of variables 
that are involved in a constraint 
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Constraint Graph

• Binary CSP: each constraint relates at most 
two variables

• CSP algorithms use the structure of this 
graph to optimize search



Varieties of CSPs

• Variables can be 

• Discrete

• Finite domains (Boolean CSP: NP-complete)

• 𝑑𝑛 complete assignments

• Infinite domains (integers, strings)

• Project/Mission scheduling (start/end days)

• Continuous 

• Start/end times for Hubble telescope

• Constraints

• Linear, discrete variables: solvable

• Nonlinear, discrete, infinite domains: 
undecidable



Types of Constraints

• Binary (recall)

• Unary constraints: involve a single variable

• 𝑆𝐴 ≠ 𝑔𝑟𝑒𝑒𝑛

• Higher-order constraints:
• Involve 3 or more variables

• E.g., Sudoku

• Preferences: soft constraints
• E.g., Avoid making 𝑆𝐴 green

• Can be associated with costs per variable assignment

• CSPs that include soft constraints are called constraint 
optimization problems



A More Complex Example: Cryptarithmetic

Assign unique values to letters to make this true:



A More Complex Example: Cryptarithmetic

• Need to add variables denoting carry-over terms

• Variables: 𝐹, 𝑇, 𝑂, 𝑊, 𝑈, 𝑅, 𝑋1, 𝑋2, 𝑋3

• Domains: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9

• Constraints: 
• alldiff(𝐹, 𝑇, 𝑈, 𝑊, 𝑅, 𝑂)

• 𝑂 + 𝑂 = 𝑅 + 10 ⋅ 𝑋1

• …

Assign unique values to letters to make this true:
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• …

Assign unique values to letters to make this true:

Higher order constraints 



Standard Search Formulation

• Initial state: empty assignment 𝜎 = {}

• Successor function: 

• Select an unassigned variable 

• Assign a value from its domain that doesn’t break any constraints

• Fail if no such assignment possible 

• Goal test: complete, constraint satisfying assignment



Standard Search Formulation

• Initial state: empty assignment 𝜎 = {}
• Successor function: 

• Select an unassigned variable 
• Assign a value from its domain that doesn’t break any constraints
• Fail if no such assignment possible 

• Goal test: complete, constraint satisfying assignment

• Works for all CSPs!
• All solutions appear at depth 𝑛 for problems with 𝑛 variables
• Use DFS?
• Number of leaves

• At depth 𝑚, 𝑏 = 𝑛 − 𝑚 𝐷
→ 𝑛! 𝐷𝑛 leaves
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