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Solving MDPs: Value Iteration
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Some material based on lecture slides for ASU’s CSE571 Artificial Intelligence by Siddharth Srivastava.



Logistics



Logistics
* Office Hours: 1 hour after class every week Tu, W, Th

* ROS based Assignment: Covered in Class on Tuesday Apr 21
* https://wiki.ros.org /ROS /Tutorials

* Two more assignments
1. Theory Assignment (like the last two)

2. Programming Assignment


https://wiki.ros.org/ROS/Tutorials
https://wiki.ros.org/ROS/Tutorials

Recap: MDPs



Forms of Solutions

* Deterministic, fully observable

* “Classical planning”: solution is a plan, or a sequence of actions

* Deterministic, non-observable

* “Conformant planning”: solution is a plan, but often no solutions exist

* Non-deterministic, fully observable:
* “Contingent planning”: solution can be a policy (a function S — A)

Non-determinism: a move action may fail

Suck




Markov Decision Processes

e S set of states
.« AH(1,1)

e A set of actions

e P transition model
* P(s'[s,a)

*R:S5 = R reward, or utility
function

* Agent can “drift”, end up in
unintended states

* Solutions take the form of policies

1 START

(b)



Markov Decision Processes

* Policy: S —- A
* Every state is mapped to an action

* How should we evaluate a policy?
* Evaluate the executions it may produce

* Need a function that determines the
utility of an execution history

* Candidates:
* Sum of utilities of states
* Max state-utility in the execution
* Min state-utility in the execution

1 START

(b)



Markov Decision Processes

* Policy: S —- A

* Every state is mapped to an action

* How should we evaluate a policy?
* Evaluate the executions it may produce 3 + 1 0.8

* Need a function that determines the |RIEEETRLT
utility of an execution history One that yields the highest expected utility over all

* Candidates:

* Sum of utilities of states
* Max state-utility in the execution
* Min state-utility in the execution ] 0 3 4

(a) (b)

possible executions




Stationary Utility Functions

* Stationary preferences lead to only two possible ways to assign
utilities to sequences

* Additive rewards
e U([sg, ..., Sp]) = R(sg) + -+ R(s,)
* Problem: infinite horizon... infinite reward
* How would we compare solutions?

* Discounted rewards (0 <y < 1)
* U([sg, ..., sn]) = R(s¢) + YR(s1) ... + Y"R(sp)

* Utility of an infinite sequence (bounded reward) is guaranteed to converge!



Solving MDPs



Solving MDPs

* Expected utility of using a policy 7 starting in s
* Let 54, ... S, ... be the RVs denoting states generated at that timestep
* U™(s) = E[X:Y'R(Sp)]

* We want the “best” policy

e 1°(s) = argmax, U™(s)
Give me the policy that does the best, starting from s

* Should the optimal action depend on the timestep?



Solving MDPs

Expected utility of using a policy 7 starting in s
* Let Sy, ...Sg, ... be the RVs denoting states generated at that timestep

* U™(s) = E[Z:v'R(S})]
We want the “best” policy

* 1*(s) = argmax, U™ (s)
Give me the policy that does the best, starting from s

For infinite horizon problems, *is independent of the starting state
* i.e., the optimal action at a state doesn’t depend on what you did before reaching it!

V (s): utility of a state under the optimal policy



MDP Search Tree: Discounting

States

A B C D
10 | @1 (Max nodes)

A, D: exit states Actions
Transition probability: 0.8 move according to (Expectation
action executed, 0.2 stay Nodes)




MDP Search Tree

* Extend AND-OR trees with States
utility-theoretic principles (OR nodes)

A B C D Actions
10 | ®[1 (AND

Nodes)




MDP Search Tree: Stochastic Transitions

A B C D States
10| @1 (Max nodes)
Actions
(Expectation
Nodes) C/



Optimal Policies

Value of a state s under a policy 7
* V™(s) = expected utility starting in S and following 7

* Expn[XR(t)]

Q-function: value of (s,a) pair

* Q™(s,a) = expected utility when starting in s, executing a, then
following 7

Optimal policy: "
« m*(s) = argmax,V™(s)

Convenient:

* Infinite horizon + discounting = m" independent of starting state!

Fixedby policy

%,

Fixed by policy Fixed by golicy



Optimal Policies

* Optimal policy: "
* 1*(s) = argmax, V" (s)

Fixedby policy

* Optimal value of a state s

« V7' (5) = V(s) = expected utility starting in
s and following "

e Q-function: value of (s,a) pair
« Q™" (s,a) = Q(s,a) expected utility starting ‘

in S, executing a, then following " , ,
Fixed by policy Fixed by policy



Computing Optimal Policies

* By definition of optimal policy: States
V*(s) = maxQ*(s,a) (Max nodes)
a

* By definition of optimal Q function

0°(5,@) = ) T(s,a,s[R(S) + V" (s")

Actions
(Expectation
Nodes)

* Thus
V*(s) = mc?XE T(s,a,s") [R(s) +yV*(s)]

Bellman’s Equation




How Would We Compute I/'*?

* Problems:
* Bellman equation is recursive m-nn
* Tree is of unbounded depth, repetitive
* All occurrences of B require
recomputation of the same function

v (s) = mc?xz T(s,a,s") [R(s) + yV*(s")]

 Tricks IRV

* Incremental computation
* Dynamic programming



A, D: exit states
Transition probability: 0.8 move according to
action executed, 0.2 stay; y = 0.9

A B C D
10 | | @1

1-step greedy policy over V;:
Go lefton B, righton C

V

@ © ©
v, 10 |0 |0 1

® © ©




A, D: exit states
Transition probability: 0.8 move according to
action executed, 0.2 stay; y = 0.9

A B C D
10| [®]1
Vienr(s) = méixz T(s,a,s)[R(s) +yVi(s")]

Vo(s) = max{ ) T(s, <, sDR(s) + ¥Vi(sM],

T T(s, =, SV [R(s ) + ¥V ()]}

V

® © ©
v, 10 |0 |0 1

® © ©

V.(s) = m(?xz T(s,a,s")[R(s)]




A, D: exit states
Transition probability: 0.8 move according to
action executed, 0.2 stay; y = 0.9

A B C D
10 | | @1

Vienr(s) = méixz T(s,a,s)[R(s) + yVi(s")]

Vo(s) = max{ ) T(s, <, sDR(s) + ¥Vi(sM],

® © O

v 10 |72 |72 |1 Y T(s,—,s)[R(s) +yVi(sH]}
® © O

v, 10 |0 0 1
® © O

V.(s) = m(?xz T(s,a,s")[R(s)]




A, D: exit states
Transition probability: 0.8 move according to
action executed, 0.2 stay; y = 0.9

A B C D
10 | | @1

Viewn(s) = max{ Y T(s, <, DR(s) + ¥Vi(s],

® © © Yo T(s, =, sV[R(s) + ¥Vi(sH]}
v, 10 |85 [53 |1

® © ©
v, 10 |72 [.72 |1

® © ©
v, 10 |0 |0 1

® © O©




® © ©
10 |85 5.3K
® © © ___—
10 |72 |72~F7 |
® © ©
10 |0 0 1
® © ©
0 0

Viewn(s) = max{ Y T(s, <, DR(s) + ¥Vi(s],

> T(s,—,s)[R(s) +yVi(sH]}

What happened here?



A B C D
10 | | @1

@ © 0
10 |87 |[7.

@ © 0
10 |85 |53

@ © 0
10 |72 |.72

@ © ©
10 |0 |0

® © ©
0

Viewn(s) = max{ Y T(s, <, DR(s) + ¥Vi(s],

> T(s,—,s)[R(s) +yVi(sH]}



A B C D
10 | | @1

@ © O
10 |87 |[7.

@ © O
10 |85 |53

@ © O
10 |72 |.72

@ © ©
10 |0 |0

® © ©
0

Vieor (s) = m;\xz T(s, a,s)[R(s) + yVi(s")]

Time interpretation: k steps to go

We’ve been implicitly iterating over the Q function as well:

Orr(s,a) = Z T(s,a,s)[R(s) + yVi (s")]



Whatis V* anyway?

V*(sy) = m;lxz T(s1,a,53)[R(s) +yV*(s2)]

S2

What we want: expected utility under best policy

V*(sy) = R(s) +v- m‘?xZSZ T(s1,a,5s.) {
R(sz) +y - max s, T(sz,a,53) - {

R(s3) +y- méaxzs4 T(s3,a,S,) { ...}
Value obtained by acting optimally from s,

R(s3) +y- mfxzs4 T(s3,a,s4) - V*(s4)
R(s,) +y- mc?xzs3 T(sy,a,s3) V*(s3)

R(sy) +vy- mj‘XZSz T(sq,a,s5) - V*(sy)



V*(€) = max{Q*(C,<),Q*(C,~)}

7*(C) = argmax,{Q*(C, a)}




Value Iteration

* Break up the value computation into “time steps”
* V. (s) denotes the best value possible with k steps to go
* Start with Vy(s) = 0 no time steps left

¢ Virq(s) = mc?XZS' T(s,a,s")[R(s) +yVi(s)]

* Repeat until convergence (memorize Vi (s) when it is first encountered)

* Theorem: Value iteration converges to the unique solution when ¥ < 1
°* Why?¢



Computing Actions from Values

* Suppose we have the optimal values

* How should we act?
A B C D
10 | | &1 |

* We could use V* to compute best action:

e 1°(s) = argmax, )., T(s,a,s") [R(s) + yV*(s"] ® © 0

V, 10 |87 |71 |1

* This is called policy extraction

* More efficient: store Q*
n*(s) = argmax, Q*(s,a)



Limitations of Value Iteration

Vierr(s) = max ) T(s,a,s)R(s) + YVie(s")]

* 0(S%A) time per iteration
* Policy may have converged even when values haven’t

* Policy iteration is another approach for computing V* and ™ that
addresses these issues



Policy Iteration

* Alternative approach for optimal values:

* Step 1: Policy evaluation: calculate utilities for some fixed policy (not optimal
utilities!) until convergence

* Step 2: Policy improvement: go greedy over one-step lookahead converged
(but not optimall) utilities as future values’

* Repeat steps until policy converges

* This is policy iteration
* |It’s still optimall!

* Can converge (much) faster under some conditions
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